This paper presents a numerical study on using vibration analysis to detect degradation in degrading polymesters. A numerical model of a degrading plate sample is considered. The plate is assumed to degrade following the typical behaviour of amorphous copolymers of polylactide and polyglycolide. Due to the well-known autocatalytic effect in the degradation of these polyesters, the inner core of the plate degrades faster than outer surface region, forming layers of materials with varying Young's modulus. Firstly the change in molecular weight and corresponding change in Young's modulus at different times are calculated using the mathematical models developed in our previous work. Secondly the first four mode shapes of transverse vibration of the plate are calculated using the finite element method.
Introduction
A bioresorbable polyester degrades in the presence of water due to hydrolysis reactions between water molecules and ester bonds of the polymer chains. The molecular weight of the polymer reduces with time because of the polymer chain scissions which lead to the change in its physical properties, such as Young's modulus. Furthermore typical bioresorbable polymers for medical implants, such as polylactide (PLA), polyglycolide (PGA) and their copolymers, degrade heterogeneously. This is because the hydrolysis reaction of these polymers is autocatalytic. The hydrolysis reaction produces acid and alcohol end groups. The carboxylic acid end groups have a high degree of dissociation and give rise to an acidic environment, which significantly accelerates the hydrolysis rate. Near the surface of a device, the acid end groups of short chains can diffuse into the surrounding environment retarding the acceleration. At the core of a device the short chains cannot leave quickly and therefore causes acid accumulation leading to a fast degradation. Consequently both the average molecular weight and Young's modulus in the surface region are higher than those at the core of an implant. It is important to understand and control this non-uniform degradation in the design and optimisation of these medical devices. However medical implants such as coronary stents are typically very small in size and it is difficult to measure the spatial variation of the polymer degradation using standard experimental techniques familiar to polymer chemists. The purpose of this paper is to present an alternative method to detect the spatial distribution of the degradation using analysis of dynamic responses of a degrading implant.
The vibration at any location of a structure can be monitored by using an accelerometer or similar transducers to yield a dynamic response spectrum and modal parameters such as frequencies, mode shapes and damping. The basic idea behind detecting, locating and characterizing damage in structural and mechanical systems using measured vibration response is that changes in the physical properties of the structure will cause detectable changes in the modal properties because modal properties are functions of the physical properties (Doebling et al.) . Numerous studies have investigated the effect of a crack or local defect on the dynamic behaviour which were reviewed by (Dimarogonas, 1996) . Many methods have been studied using the vibration analysis for damage detection. For example, the damage can be detected using shifts in resonant frequencies of a damaged structure, which was revised by Salawu and Doebling (Doebling et al., 1996 , Salawu, 1997 . However it is well known that the changes in frequency caused by damage are usually very small and cannot be used to locate the exact location of the damage. Alternatively the mode shapes and in particular their derivatives are more sensitive to local damages (Yuen, 1985) . Pandey et al (Pandey et al., 1991) showed that the curvature (second derivative) of the modal mode shapes are highly sensitive to damage and can be used to localize them. For a beam, the curvatures of a mode shape are related to the local flexural stiffness. The change in the curvature increases with the reduction in the local flexibility which corresponds to local damage in a structure. The amount of damage can be obtained from the magnitude of the change in curvature. Effective algorithms to locate damages using curvatures of the mode shapes have been developed (Fan and Qiao, 2011) .
The finite element method used discrete elements to represent a structure and found its mode shapes by solving an eigen value problem numerically. The method has been widely used to solve various problems in biomedical engineering and has played a significant role in improving the coronary stent design in recent years. Some typical examples of applying the finite element analysis in biomdecal engineering can be found in the works by AURICCHIO et al., 2001 , De Beule et al., 2005 , Etave et al., 2001 , Gu et al., 2005 , Imani et al., 2013 , Lally et al., 2005 , Lee et al., 2015 , Migliavacca et al., 2002 , Narracott et al., 2007 , Wang et al., 2006 . In this paper a finite element model of a plate sample is considered. The sample is assumed to degrade following the behaviour of typical amorphous polyesters such as PLA, PGA and their copolymers. However the numerical study is only loosely based on these polymers in the sense that any small change in the polymer details such as molecular weight of the polymer unit will not change the conclusions. Firstly the change in molecular weight and corresponding change in Young's modulus at different times of degradation are calculated using the mathematical models developed by Pan and Samami (Samami and Pan, 2016) . Secondly the first four displacement mode shapes of transverse vibration of the plate are calculated using the finite element method. Finally the curvature of the mode shapes are calculated and related to the spatial distribution of the polymer degradation. It is shown that the curvature of the mode shapes can be used to effectively detect the distribution of polymer degradation. The level of measurement accuracy that is required in an experiment is also presented to guide practical applications of the method. At the end of this paper a demonstration case of coronary stent is presented showing how the method can be used to detect degradation in an implant of sophisticated structure.
Calculation of distributions of molecular weight and Young's modulus
A simple rectangular plate as shown in Fig. 1 is taken here as the example of study because such plates are often used in degradation experiments. Pan and co-workers (Pan, 2014) developed a mathematical model for the degradation of bioresorbable polymers. Han and Pan (Han and Pan, 2013 ) presented a series of case studies of using a commercial finite element package, COMSOL Multiphysics, to obtain the molecular weight distributions in degrading implants. Here their model is used to obtain the distributions of molecular weight in the plate shown in Fig. 1 . Details of the degradation model can be found in (Pan, 2014) and (Han and Pan, 2013) . Table 1 provided the model parameters which are used in the calculation for molecular weight distributions using COMSOL Multiphysics. These parameters were taken from the model used by Han and Pan (Han and Pan, 2013) It is also worth to point out that a very large value was used for the diffusion coefficient of the short chains. This is because the bulk degradation process of polyesters is often accompanied by some extent of short chain erosion and formation of microscopic channels which are reflected in the model by using a large effective diffusion coefficient. In the analysis it is assumed that the left end of the plate is sealed from diffusion of short polymer chains while all the other surfaces act as perfect sink for the short chain diffusion (zero concentration). It is also assumed that there are no residual monomers in the polymer at the beginning of the degradation. Fig. 2 shows the calculated distribution of molecular weight of the plate after 12 weeks of degradation. A total number of 25740 three dimensional quadratic hexahedral elements were used in the analysis to ensure convergence. The different grey scales indicate that the edges of the plate degrade slightly slower than the flat surfaces because these edges are exposed to water on both sides.
As the molecular weight decreases, the Young's modulus of the polymer decreases correspondingly. Samami and Pan (Samami and Pan, 2016) presented an analytical constitutive law for degrading polymers using which Young's modulus can be calculated for any given molecular weight. In this paper, their constitutive law is used to calculate the distribution of Young's Modulus in the plate. The constitutive law requires three input data: the initial Young's modulus and Poisson's ratio, which are taken as 10 0  E GPA and 0.35   in this study, and the effective size of the cavity generated by each polymer chain scission, which is taken as r = 0.9 nm. These data were used by Samami and Pan (Samami and Pan, 2016) to fit the experimental data for amorphous film made of poly(DL-lactide) (PDLLA) obtained by Tsuji et al (Tsuji, 2002) . Fig. 3 shows the calculated distributions of Young's modulus in the plate after 3, 6, 9 and 12 weeks of degradation along paths , B A  D C  and F E  which are indicated in Fig. 2 . It can be observed from Fig. 3 that the Young's modulus is significantly higher in a small region near the free surfaces of the plate than the core and that the plate is almost fully degraded after 12 weeks.
Dynamic analysis of mode shapes and their curvatures
Using a finite element discretisation, the mode shapes of a structure can be found by solving the following eigenvalue problem:
represent the stiffness matrix, mass matrix and eigenvector, i.e.
the mode shape, respectively. n  represents the n-th natural circular frequency of the structure. For problems of small deformation, the curvature of the mode shape can simply be calculated using a finite difference scheme using
where x represents the coordinate along the analysis path. The absolute difference between the curvatures of a degrading structure and its intact counterpart can be used to detect degradation:
In the dynamic analysis, the left end of the plate shown Fig 1 is completely fixed . The plate then behaves as a cantilever beam. Both two and three dimensional finite elements were used in the finite element model for the dynamic analysis and the first four mode shapes of the bending displacement were examined. Again COMSOL Multiphysics is used in this study.
Two dimensional (plane stress) analysis
Inspired by observing the distributions of Young's modulus shown in Fig. 3 , the plate is divided into a core region which is assigned a value of E that does not vary with position and 9 layers near the surface region, each of which is assigned a different value of E as calculated in section 2. Each one of the 9 surface layers have a thickness of m. Fig. 9 shows that the values of the curvature difference correspond to the size of the surface skin layer.
Three dimensional model
In order to show that the conclusion obtained above is valid when the three dimensional effects in both polymer degradation and dynamic behaviour are considered, a full 3D dynamic model is developed. The model is shown in Fig 10 (zoomed-in) .
The thicknesses of each 9 surface layers were taken as Fig. 11 shows that the values of the curvature difference correspond to the locations of the surface layer and is almost exactly in consistence with the 3D model.
The level of accuracy required for the mode shape measurement
Because the mode shapes of the intact and degrading beams are very similar, the experimental measurement must be able to capture the small differences in the mode shapes between the intact and degraded beams. Consequently a high level of accuracy of measurement is required in order to calculate the curvature values accurately. one wishes to use the method to detect degradation at, for example, the end of week 3 then the mode shapes have to be measured to the accuracy of more than 0.27%.
A case study of coronary stent
Biodegradable coronary stents are currently being used in several countries to restore blood flow for heart patients by opening a narrowed artery and providing support while the opened area heals (Butany et al., 2005 , Gomez-Lara et al., 2010 , Lobodzinski, 2008 , Mani et al., 2007 , O'Brien and Carroll, 2009 , Ormiston and Serruys, 2009 , Yang et al., 2013 . It is important to understand their degradation behaviour in order to optimise the design of the next generation stents. Table 1 are used in this case study for the sake of consistency. at the junctions are significantly larger at 125 weeks ( Fig.   15a ) than those at 60 weeks. It is however difficult to directly relate the peak values back to the precise value of the molecular weight or Young's modulus at the junctions. The numerical study suggests a qualitative way to detect local degradation that would otherwise requires breaking up the stent and hence terminate the degradation test. A quantitative analysis of the degradation would require a fully reverse analysis of the dynamic data.
Conclusion
The numerical study presented in this paper shows that it is possible to detect distribution of molecular weight and Young's modulus in degrading implants by measuring their mode shapes of vibration. The mode shapes cannot be directly used because their differences between intact and degraded implants are very small. However by comparing the curvatures of the mode shapes between intact and degraded implants, locations where degradation rate varies can be clearly revealed. The accuracy of measurement that is required in such an experimental technique is also presented. As an example, it is shown that if one wishes to detect the degradation distribution at the end of week 3 for a plate sample, the mode shapes have to be measured to the accuracy of much higher than 0.27%. 
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